We report on the calculation of the next-to-leading order QCD corrections to the production of top-antitop-quark pairs in association with a hard jet at the Tevatron and at the LHC. Results for integrated and differential cross sections are presented. We find a significant reduction of the scale dependence. In most cases the corrections are below 20% indicating that the perturbative expansion is well under control. Moreover, the forward-backward charge asymmetry of the top-quark, which is analyzed at the Tevatron, is studied at next-to-leading order. We find large corrections suggesting that the definition of the observable has to be refined.
Introduction
The top-quark is by far the heaviest elementary fermion in the Standard Model (SM). With a mass of (172.6 ±1.4) GeV [1] its mass is about 36 times larger than the mass of the next heaviest fermion, the bottom quark. The large mass has lead to various speculations whether the topquark behaves as a normal quark or whether it plays a special role in particle physics. The electroweak SU(2)×U(1) gauge structure of the SM, which is successful in describing a large variety of measurements, would require the quark masses to be zero if the symmetry was unbroken. With the largest mass amongst the quarks it is thus natural to assume that the top-quark is most sensitive to the mechanism of electroweak symmetry breaking. In particular, the fact that the top-quark mass is close to the scale of electroweak symmetry breaking-or equivalently, that the Yukawa coupling to the Higgs is very close to one-has motivated different scenarios in which the top-quark drives the electroweak symmetry breaking. More details can be found in recent review articles [2, 3] .
Ignoring the SM as the theory of particle physics one might still wonder whether the topquark, which is almost as heavy as a gold atom, behaves as a point-like particle. A deviation from the point-like nature would appear as anomalous moments yielding differential distributions different from the point-like case. Anomalous couplings to the gluon are most naturally probed via the production of an additional jet. An indirect measurement through the measurement of the total cross section is in general more difficult. This is in particular true when the interference term with the corresponding Born amplitude gives no contribution to the total cross section due to discrete symmetries.
In the context of the SM we have the remarkable fact that the electroweak top-quark interactions are completely determined through the aforementioned SU(2)×U(1) gauge structure of the SM. The only free parameter appearing in top-quark physics is thus the top-quark mass or equivalently the Yukawa coupling to the Higgs boson. Once this parameter is measured all remaining properties are predicted.
An important task for the ongoing Tevatron collider and the recently started LHC is the precise measurement of the top-quark properties. The ultimate goal is to measure the spin and the quantum numbers of the top-quark as precisely as possible. Any deviation from the SM would signal new physics. There is a variety of measurements which are currently done at the Tevatron and will be continued at the LHC. The total cross section, which is currently measured at the Tevatron with an accuracy of about 10% [4] , is expected to be measured at the LHC with an accuracy of 5%. This measurement allows to make precise tests of the production mechanism. Other important measurements comprise the cross section for single top-quark production [5] [6] [7] [8] [9] [10] [11] , the W-polarisation in top-quark decay or the spin correlations of top-quark pairs [12] [13] [14] [15] [16] [17] [18] [19] [20] . Of great interest is also the electric charge of the top-quark and its couplings to the Z-boson and the Higgs boson. They can be constrained via the measurements of the cross sections for ttγ, ttZ [21] , and ttH [22] [23] [24] [25] production.
The production of a top-quark pair together with an additional jet is a further important reaction. This becomes already clear from the simple observation that a substantial number of events in the inclusive top-quark sample is accompanied by an additional jet. Depending on the energy of the additional jet the fraction of events with an additional jet can easily be of the order of 10-30% or even more. For example at the LHC we find a cross section of 376 pb for the production of a top-antitop-quark pair with an additional jet with a transverse momentum above 50 GeV. This is almost half of the total top-quark pair cross section which is 806 pb [26] if evaluated in next-to-leading order (NLO) 1 . For a more precise understanding of the topology of top-quark events it is thus important to have also an improved understanding of top-quark pair production together with a jet. As mentioned already above, this reaction provides a sensitive tool to search for anomalous top-quark-gluon couplings. The emission of an additional gluon also leads to a rather interesting property of the cross section: The differential cross section contains contributions from the interference of C-odd and C-even parts of the amplitude [27] [28] [29] [30] , where C denotes the charge conjugation (for a similar effect in QED see for example Refs. [31, 32] ). While for the total cross section these contributions cancel when integrating over the (symmetric) phase space they can lead to a forward-backward charge asymmetry of the top-quark which is measured at the Tevatron [33, 34] . It should be stressed that no parityviolating interactions are involved. Note that the naively defined forward-backward charge asymmetry is zero at the LHC due to the symmetric initial state. A definition that leads to a non-trivial prediction here requires to select a preferred axis for each event [35] , but it is not yet clear whether an asymmetry survives that is significant over all uncertainties. In inclusive topquark pair production at the Tevatron the charge asymmetry appears first at one loop, because it results from interferences of C-odd with C-even parts of double-gluon exchange between initial and final states. The asymmetry for the inclusive sample has been studied in detail in Refs. [27] [28] [29] [30] . The available predictions for tt production-although of one-loop orderdescribes this asymmetry only at leading-order (LO) accuracy in QCD. Recently the analysis has been extended to take large threshold logarithms at the next-to-leading-log (NLL) level into account [36] . It was found that at least this class of higher-order contributions do not change the theoretical prediction dramatically. The main reason is that this type of corrections affect the asymmetric cross section roughly in the same way as the symmetric one. In the ratio the corrections thus cancel to a large extent and lead to a stable theoretical prediction. In tt+jet production the asymmetry appears already in the tree amplitude. Thus, the NLO calculation described in this article provides a true NLO prediction for the asymmetry. The calculation presented in this work is an important tool in the experimental analysis of this observable at the Tevatron where the asymmetry is measured [33, 34] . In a previous letter [37] we reported that the asymmetry receives large corrections. In this paper we study the situation in more detail for various values of the lower cut on the transverse momentum of the hard tagging jet.
As aforementioned it is expected that the total cross section for top-quark pair production will be measured at the LHC with an accuracy of the order of 5%. Recently it has been shown in Refs. [26, 38, 39] that the accuracy of the currently available NLO predictions is only at the level of 12% (at NLO, but further reduced by the inclusion of the threshold logarithms) and largely dominated by the scale uncertainty. In Ref. [26] an estimate to the next-to-nextto-leading order (NNLO) cross section has been given. The approximation is based on the assumption that the NNLO corrections will be dominated by the threshold region as it is the case for the NLO corrections. In the threshold region the logarithmic behaviour together with the two-loop Coulomb singularity is derived from general arguments. In addition the complete scale dependence at two loops is included in the approximation. Using this approximation to the full NNLO result it is shown in Ref. [26] that the theoretical uncertainty may decrease to a few per cent. The remaining scale uncertainty is of the same order as the uncertainty induced by the parton distribution functions. Recently some progress towards a complete NNLO calculation has been made [40] [41] [42] [43] [44] [45] [46] [47] [48] . The one-loop corrections to tt + 1-jet constitute an important ingredient to the NNLO calculation of tt production at hadron colliders. In this context we mention thatbesides our NLO calculation presented here and in Ref. [37] -part of the one-loop amplitudes to gg → ttg have also been evaluated in Ref. [49] .
Apart from its significance as signal process it turns out that tt + 1-jet production is also an important background to various new physics searches. A prominent example is Higgs production via vector-boson fusion. This reaction represents an important discovery channel for a SM Higgs boson with a mass of up to several 100 GeV [50, 51] . The major background to this reaction is due to tt + 1-jet [52] , again underlining the need for precise theoretical predictions for this process.
It is well known that predictions at LO in the coupling constant of QCD are plagued by large uncertainties. In many cases the LO predictions in QCD give only a rough estimate. Only by including NLO corrections a quantitatively reliable prediction can be obtained. Given that the conceptual problems in such calculations are solved since quite some time, one might think that doing the required calculations should be a straightforward task. Unfortunately it turns out that this is not the case. The calculation of radiative corrections for 2 → 3 and 2 → 4 reactions is still non-trivial-not speaking about reactions with an even higher multiplicity. 2 The complexity of the corresponding matrix elements renders computer codes quite lengthy and CPU time consuming. The (more or less) automatically generated code may in addition lead to numerical instabilities. In particular, the reduction of one-loop tensor integrals to scalar one-loop integrals is in general difficult to do in a numerically stable way. In that context the calculation of the one-loop corrections to top-quark pair production with an additional jet is also interesting as a benchmark process for the development of new methods.
In this paper we extend our previous work [37] on the NLO QCD corrections to tt+jet production at hadron colliders, where we discussed the scale dependence of the integrated cross sections at the Tevatron and the LHC and of the top-quark charge asymmetry at the Tevatron. We supplement this discussion upon including more numerical results showing the dependence on the lower cut set on the transverse momentum of the hard tagging jet and present first results on differential distributions. Moreover, we provide numerical results on the virtual one-loop and real-emission corrections for single phase-space points, in order to facilitate future comparisons to our calculation.
This article is organized as follows: In Section 2 we briefly describe the calculation of the NLO corrections. Numerical results are presented in Section 3. In the appendices we provide numerical results on the virtual and real corrections for individual phase-space points; moreover, we collect the tables with the results for the differential cross sections there.
Outline of the calculation

Born approximation
In Born approximation the partonic reactions are gg → ttg,→ ttg, qg → ttq, gq → ttq.
(2.1)
The last three reactions are related by crossing. Therefore, the required generic matrix elements are 0 → ttggg, 0 → ttqqg. (2.2) In the following we generically denote the external momenta and helicities with {p i } and {λ i } and identify the light partons with i = 1, 2, 3. The letter of a specific parton if used as an argument denotes the combination of spin, momentum, and (if relevant) colour of this parton, i.
Representative sets of Born diagrams for the gg andchannels are depicted in Figure 2 .1. In total, there are 16 LO diagrams for 0 → ttggg and 5 for 0 → ttqqg. The colour decomposition for a tree amplitude corresponding to the process 0 → ttggg is
where g s is the strong coupling constant, S 3 the symmetric group and σ = (σ 1 , σ 2 , σ 3 ) ∈ S 3 a permutation. with i = 1, 2, 3. This is particularly useful for the evaluation of the squared amplitude. Compact analytic results for the LO amplitudes are given in Ref. [20] where the amplitudes have been used in the calculation of the NLO corrections for top-quark pair production. In addition we also performed several independent calculations, including one with Madgraph [55] , and found complete numerical agreement among all those calculations.
Virtual corrections
The virtual corrections consist of the one-loop corrections to the LO reactions. One can classify the corrections into self-energy, vertex, box-type, and pentagon-type corrections where all the external legs are directly connected to the loop thus forming a pentagon. The latter are the most complicated ones due to their complexity and the involved tensor integrals. Typical examples of the pentagon graphs are shown in Figure 2 .2. Specifically, there are 24 pentagons for 0 → ttggg and 8 for 0 → ttqqg. The total number of diagrams is 354 for the 0 → ttggg case and 94 for the 0 → ttqqg case. The challenging step in this context is the numerically fast and stable reduction of the tensor integrals to scalar one-loop integrals.
Before describing the details we briefly outline the general setup. Owing to the involved kinematics the individual Feynman diagrams lead to large expressions which are cumbersome to evaluate. To be able to handle the large expressions and to ensure a fast numerical evaluation at the end we used a decomposition of the amplitude according to the spin and colour structure. Schematically the decomposition of the one-loop amplitude A 
where C c denote the colour structures, S s are the spin structures (elsewhere called "standard matrix elements"), and the functions f products of the external momenta p i . In detail, for 0 → ttggg there are 10 independent colour structures C c of the form
where the structure constant of the SU(3) gauge group f abc is defined in the usual way through (3) representations. Allowing only the use of relations which are compatible with conventional dimensional regularisation when simplifying the Lorentz structure of the amplitude, we find a few hundred spin structures, such as
where an obvious notation for the Dirac spinors¯ t , u t and gluon polarization vectors ε i is used.
Restricting to four dimensions and using explicitly four-dimensional helicity techniques the number of independent structures may be further reduced. Each gluon polarization vector can be "gauged" to be orthogonal to an arbitrary light-like reference vector, a fact that reduces the algebraic expressions considerably. A useful choice is, e.g., given by the cyclic set of conditions
which supplements the transversality relations p i · ε i = 0. However, more than 100 spin structures still remain (in D dimensions) in spite of this simplification. For 0 → ttqqg there are only 4 colour structures (as in LO),
but also more than 100 spin structures, such as
We stress that the algebraic reduction of each Feynman diagram to the standard form shown in Eq. (2.5) proceeds in D = 4 − 2ǫ space-time dimensions, i.e. only Dirac equations, transversality and gauge conditions of polarization vectors, and momentum conservation are used. We have followed two different strategies for the evaluation of the decomposition shown in Eq. (2.5) . In one implementation all Feynman diagrams were first combined and then projected onto the different structures. The idea behind this is to form gauge independent quantities where some cancellations may happen. In the second approach the decomposition is applied to each individual Feynman diagram. In the latter the numerical evaluation of the functions f cs is most efficiently done if the colour structures completely factorizes. For diagrams without 4-gluon vertices this is trivially the case. Diagrams where the number n 4 of 4-gluon vertices is greater than 0 are decomposed into 3 n 4 terms, each with its own colour structure. Denoting such one-loop (sub)graphs generically Γ, their contributions f
cs to the functions f cs are written as f
with constants c
c , i.e. the total colour structure of Γ is c C c c
s , which contain the time-consuming loop functions are the same for all colour channels. Writing the LO amplitude as
the contribution of Γ to the one-loop-corrected spin-and colour-averaged squared amplitude is evaluated as follows,
In detail, the colour correlation matrix
is calculated only once and for all for the whole process, and the interferences A 
where
cs are the scalar functions appearing in the decomposition of the Born amplitude. To ensure the correctness of our results the two slightly different approaches were implemented in two complete independent computer codes. We note at this point that no significant difference between the two approaches concerning speed and numerical stability was observed. We also note that we used as far as possible different methods and also different tools to obtain the various ingredients discussed above. In the following we give some details of the techniques employed in the two implementations.
Version 1 of the virtual corrections is essentially obtained following the method described in Ref. [23] , where ttH production at hadron colliders was considered. Feynman diagrams and amplitudes have been generated with the FeynArts package [56, 57] and further processed with in-house Mathematica routines, which automatically create an output in Fortran. The infrared (IR), i.e. soft and collinear, singularities-which are treated in dimensional regularisation in both calculations-are analytically separated from the finite remainder in terms of triangle subdiagrams, as described in Refs. [23, 58] . This separation, in particular, allows for a transparent evaluation of so-called rational terms that originate from D-dependent terms multiplying IR divergences, which appear as single or double poles in (D − 4). As generally shown in Ref. [59] , after properly separating IR from ultraviolet (UV) divergences such rational terms originating from IR divergences completely cancel; this general result is confirmed in our explicit calculation. The tensor integrals appearing in the pentagon diagrams are directly reduced to box integrals following Ref. [60] . (Similar methods have been proposed in Ref. [61] .) This method does not introduce inverse Gram determinants in this step, thereby avoiding notorious numerical instabilities in regions where these determinants become small. Box and lower-point integrals are reducedà la Passarino-Veltman [62] to scalar integrals, which are either calculated analytically or using the results of Refs. [63] [64] [65] . Sufficient numerical stability is already achieved in this way. Nevertheless the integral evaluation is currently further refined by employing the more sophisticated methods described in Ref. [66] in order to numerically stabilize the tensor integrals in exceptional phase-space regions.
Version 2 of the evaluation of loop diagrams starts with the generation of diagrams and amplitudes via QGRAF [67] , which are then further manipulated with Form [68] and Maple and eventually automatically translated into C++ code. The reduction of the the 5-point tensor integrals to scalar integrals is performed with an extension of the method described in Ref. [69] . In this procedure also inverse Gram determinants of four four-momenta are avoided. The lower-point tensor integrals are reduced using an independent implementation of the PassarinoVeltman procedure. The IR-finite scalar integrals are evaluated using the FF package [70, 71] . Although the entire procedure is sufficiently stable, further numerical stabilization of the tensor reduction is planned following the expansion techniques suggested in Ref. [72] for exceptional phase-space regions.
As stated above we used dimensional regularisation to regularise UV as well as soft and collinear divergences. We renormalised the coupling in a mixed scheme where the light flavours are treated according to the modified minimal subtraction MS , while the top-quark loop of the gluon self-energy is subtracted at zero momentum. The top-quark mass is renormalised in the on-shell scheme. More specifially we used the renormalisation constants as given for example in Ref. [23] . In these formulae the divergences of UV and IR origin are separated. They allow us to check UV and IR finiteness separately.
Real corrections
The generic matrix elements for the real corrections are given by 0 → ttgggg, 0 → ttqqgg, 0 → tt′q′ , 0 → tt(2.14)
with′ . The various partonic processes are obtained from these matrix elements by all possible crossings of light particles into the initial state. While the crossing symmetry is extremely helpful in constructing the required amplitudes it should be kept in mind that the large number of possible channels obtained from the different crossings lead to a significant increase in the computational complexity, given that every channel has to be integrated over the phase space. The amplitude for the process 0 → ttwith identical quarks q can be obtained from the amplitude of the process 0 → tt′q′ with non-identical quarks q and q ′ :
The colour decomposition of a tree amplitude corresponding to the process 0 → ttgggg is 16) where the sum is over all permutations σ = (σ 1 , σ 2 , σ 3 , σ 4 ) of the symmetric group S 4 . The colour decomposition for the process 0 → ttqqgg reads 17) where again the sum is over all permutations of the gluon legs. Finally, the colour decomposition of the process 0 → tt′q′ is
To extract the IR singularities and for their combination with the virtual corrections we employ the dipole subtraction formalism [73] [74] [75] . Specifically, the formulation [75] for massive quarks is used. At NLO schematically one has the following contributions:
Here dσ R denotes the real emission contribution, whose matrix elements are given by the square of the Born amplitudes with 6 partons |A (0) 6 | 2 , dσ V is the virtual contribution, whose matrix elements are given by the interference term of the one-loop amplitudes A , and dσ C denotes a collinear subtraction term, which originates from the factorisation of the initial-state collinear singularities. The function O n defined on the n-particle phase space stands for any prescription (θ-functions for phasespace cuts, δ-functions for distributions) defining an IR-safe observable. Taken separately, the individual contributions are IR divergent, and only their sum is finite. In order to render the individual contributions finite, so that the phase-space integrations can be performed by Monte Carlo methods, one adds and subtracts a suitably chosen "counterterm" dσ A :
The matrix element corresponding to the approximation term dσ A is given as a sum over dipoles:
Each dipole contribution has the following form:
Here T i denotes the colour charge operator for parton i and V i j,k is a matrix in the spin space of the emitter parton (i j). The momentap (i j) andp k are obtained from the momenta p i , p j and p k . In general, the operators T i lead to colour correlations, while the V i j,k 's may lead to spin correlations. The approximation dσ A has to fulfill the requirement that dσ A is a proper approximation of dσ R with the same point-wise singular behaviour (in D = 4 − 2ǫ dimensions) as dσ R itself. Thus, dσ A acts as a local counterterm for dσ R , and one can safely perform the limit ε → 0. This defines the finite contribution
The subtraction term can be integrated over the unresolved one-parton phase space. Due to this integration, all spin correlations average out, but colour correlations still remain. In a compact notation, the result of this integration is often written as
The notation ⊗ indicates that colour correlations still remain and that an integration is involved. The term I ⊗ dσ B lives on the phase space of the Born configuration and has the appropriate singularity structure to cancel the IR divergences coming from the one-loop amplitude. Therefore, dσ V + I ⊗ dσ B is IR finite. The terms (K + P) ⊗ dσ B involve in addition an integration over the momentum fraction x that rules the collinear splitting of the incoming parton. From the integration of the subtraction terms we obtain the finite contribution
.
The final structure of an NLO calculation in the subtraction formalism is then
Since both contributions on the right-hand side of Eq. (2.25) are now finite, they can be evaluated with numerical methods. The explicit forms of the dipole terms D i j,k , together with the integrated counterparts, can be found in Ref. [73] for massless QCD and in Refs. [74, 75] including massive quarks. Analogously to our evaluation of the virtual corrections, we have also performed two independent calculations of the real corrections.
One calculation of the real corrections results from a fully automated calculation based on helicity amplitudes, as described in Ref. [76] . Individual helicity amplitudes are computed with the help of Berends-Giele recurrence relations [77] . The evaluation of colour factors and the generation of subtraction terms is automated. For the channel gg → ttgg a dedicated softinsertion routine [78] is used for the generation of the phase space.
The second calculation uses for the LO 2 → 3 processes and the gg → ttgg process optimized code obtained from a Feynman diagrammatic approach. As in the calculation described before, standard techniques like colour decomposition and the use of helicity amplitudes are employed. For the 2 → 4 processes including light quarks, Madgraph [55] has been used. The subtraction terms according to Ref. [75] are obtained in a semi-automatized manner based on a library written in C++.
The two independent computer codes were compared point-wise at a few phase-space points. In addition the entire numerical integration of the real corrections was done independently using the two codes. We found complete agreement of the numerical results when the numerical uncertainty from the phase-space integration is taken into account.
Numerical results
Setup
In the following we consistently use the CTEQ6 [79] set of parton distribution functions (PDFs). In detail, we take CTEQ6L1 PDFs with a one-loop running α s in LO and CTEQ6M PDFs with a two-loop running α s in NLO. The number of active flavours is N F = 5, and the respective QCD parameters are Λ LO 5 = 165 MeV and Λ MS 5 = 226 MeV. As mentioned earlier the top-quark loop in the gluon self-energy is subtracted at zero momentum. In this scheme the running of α s is generated solely by the contributions of the light quark and gluon loops. The top-quark mass is renormalized in the on-shell scheme, as numerical value we take m t = 174 GeV. If not stated otherwise, we identify the renormalization and factorization scales, µ ren and µ fact , with m t .
For the definition of the tagged hard jet we apply the jet algorithm of Ref. [80] with R = 1 and require a transverse momentum of p T,jet > p T,jet,cut with p T,jet,cut = 20 GeV and p T,jet,cut = 50 GeV for the hardest jet at the Tevatron and the LHC, respectively. The outgoing (anti)topquarks are neither affected by the jet algorithm nor by the phase-space cut. We assume them as always tagged. Note that the LO prediction and the virtual corrections are not influenced by the recombination procedure of the jet algorithm, but the real corrections are.
Up to the transverse-momentum cut p T,jet,cut = 50 GeV for the LHC, the setup used in this article coincides with the one used in Ref. [37] . There, p T,jet,cut = 20 GeV was used both for the Tevatron and the LHC.
Results for the Tevatron
As discussed in Ref. [37] , the integrated LO cross section for tt + 1-jet production at the Tevatron is dominated by thechannel with about 85%, followed by the gg channel with about 7%. This is rather similar to inclusive top-quark pair cross section where again at LO about 90% is obtained fromchannel and about 10% from the gg channel. In difference to the inclusive case the qg (qg) are not suppressed in the coupling. This accounts for the slightly larger contribution from these channels. One should keep in mind that the precise contribution of individual channels depends on the factorisation scale as well as on the chosen parton distributions. As a consequence the aforementioned numbers give just a qualitative picture.
In Table 3 .1 we provide the LO and NLO predictions for the integrated cross sections for different values of the cut on the transverse momentum of the hard jet (left part). The values presented are for the central scale µ = µ fact = µ ren = m t . In parentheses we quote the uncertainty due to the numerical integration. The scale dependence is indicated by the upper and lower indices. The upper (lower) index represents the change when the scale is shifted towards µ = m t /2 (µ = 2m t ). Rescaling the common scale µ = µ fact = µ ren from the default value m t up (down) by a factor 2 changes the cross section in LO and NLO by about 60% (35%) and 9% (18%), respecively, i.e. the scale uncertainty is reduced considerably through the inclusion of the NLO corrections. The above findings are rather insensitive to the chosen cut value. We find only variations at the per-cent level. In particular, there is no big difference for the lowest cut value compared to the other values, suggesting that the perturbative expansion is under control and Table 3 .1: Cross section σ ttjet and forward-backward charge asymmetry A t FB at the Tevatron for different values of p T,jet,cut for µ = µ fact = µ ren = m t . The upper and lower indices are the shifts towards µ = m t /2 and µ = 2m t .
not spoiled by the appearance of large logarithms. Compared with the total cross section we find that for the small p T cut of 20 GeV the tt + 1-jet events represent almost 30 % of the total cross section. This fraction shows an evident dependence on the value chosen for the p T cut. The fraction is reduced to about 8% when 50 GeV is chosen for the cut. The NLO corrections change the ratio for a given value of p T cut only at the level of a few per cent.
In the right part of Table 3 .1 we show results for the forward-backward charge asymmetry. In LO the top-quark charge asymmetry is defined by
with the definition
where y t denotes the rapidity of the top-quark. Cross-section contributions σ(y t > < 0) correspond to top-quarks in the forward or backward hemispheres, respectively, where incoming protons fly into the forward direction by definition. Denoting the corresponding NLO contributions to the cross sections by δσ ± NLO , we define the asymmetry at NLO by
i.e. via a consistent expansion in α s . Note, however, that the LO cross sections in Eq. (3.3) are evaluated in the NLO setup (PDFs, α s ). In Ref. [37] it was already pointed out that the LO asymmetry for a p T -cut of 20 GeV, which is about −7.7% with a small scale uncertainty, is reduced to about −1.8% with the rather large scale uncertainty that is-assessed conservatively-almost as large as its absolute size. The reason for this growing scale uncertainty when going from LO to NLO simply results from the fact that the LO prediction for A t FB is independent of the renormalization scale, since the strong coupling drops out in the ratio. Thus, the scale dependence does not reflect the total theoretical uncertainty in LO at all for this quantity. Table 3 .1 shows that this feature qualitatively holds true also for larger values of p T,jet,cut used for the jet definition, but the LO and NLO asymmetries are shifted towards larger absolute values for a larger cut. Figure 3 .1 shows the distributions in the transverse momenta of the hard jet, p T,jet , of the total tt system, p T,tt , and of the top-quark, p T,t . In LO p T,jet and p T,tt coincide because of momentum conservation in the transverse plane, but the radiation of two jets in the real corrections renders them different. The numerical results in Figure 3 .1, however, reveal that the differences are very small. The shown p T distributions drop with growing p T , where the spectrum for the top-quark is much harder than the ones for the jet and the tt system. In the p T,jet and p T,tt spectra 93% of the events are concentrated below a p T of about 100 GeV at NLO, while 92% of the events have a p T,t with less than 200 GeV. Employing a fixed scale µ = m t , the NLO corrections do not simply rescale the LO shape, but induce distortions at the level of some 10%, which redistribute events from larger to smaller transverse momenta. We believe that two effects contribute to these distorsions. First of all, the use of a fixed renormalization scale µ ren = m t is not an appropriate choice for high p T events. Due to the large value of α s the LO calculation overestimates the cross section for high p T and the NLO calculation has to compensate this scale choice. We expect that the distortions due to this effect are reduced if an appropriate p T -dependent scale choice is used, such as µ = p 2 T + m 2 t . As a second effect in particular the p T distribution of the top-quarks can become softer due to the emission of additional particles, which is accounted for the first time by an NLO calculation.
As can also be seen from the lower panel of each plot, we find again an important reduction of the scale dependence when the NLO corrections are taken into account. At least for the p T,jet -and p T,tt -distribution the corrections are of moderate size. For the p T,t -distribution we find large corrections for large values of p T,t . The corrections are almost 50% for a p T arround 400 GeV. As mentioned this could probably be cured by employing a p T -dependent scale. Figure 3 .2 depicts the distributions in the pseudo-rapidity and rapidity of the top-quark, η t and y t , and in the rapidity, y jet , of the hard jet. For massless momenta the pseudo-rapidity, which is defined through
(ϑ is the scattering angle with respect to the beam axis), is equivalent to the rapidity defined through
(E denotes the energy, p z the three-momentum component along the beam axis). For the massive top-quark we observe a rather important difference between the η t and y t distribution. Recently there has been significant interest in the rapidity distribution of the jet, as MC@NLO [81] and Alpgen with MLM matching [82] disagree on this distribution. Our result includes for the first time the full O(α 4 s ) matrix elements. Note that the set-up of ref. [82] differs from the one used here, therefore the distributions should not be compared directly.
At NLO, 90% of the events are concentrated within |η t | < 2.0. Demanding |y t | < 1.2 selects 96% of the events. For y jet we find that 94% of the events are contained in |y jet | < 2.4. Table 3 .2: Cross section σ ttjet at the LHC for different values of p T,jet,cut for µ = µ fact = µ ren = m t . The upper and lower indices are the shifts towards µ = m t /2 and µ = 2m t .
The reduction of the forward-backward asymmetry A t FB discussed above induced by the NLO corrections is clearly visible in the η t and y t distributions. The corrections are larger in the forward direction. The asymmetry in the LO distributions is thus reduced by the NLO corrections. It is hardly conceivable that this higher-order effect can be absorbed into LO predictions by phase-space-dependent scale choices. It should be realized that the forwardbackward-symmetric rapidity distribution of the hard jet gets distorted by the corrections as well. The corrections increase for large values of |y jet |.
At least in the regions of the distributions in which the rate is not too much suppressed, the NLO corrections reduce the scale uncertainty of the LO distributions in a similar way as observed for the integrated cross section. Table 3 .2 shows the integrated cross section for various values of the cut p T,jet,cut on the transverse momentum of the hard tagging jet at the LHC. In contrast to the Tevatron, the gg channel comprises about 70% of the LO pp cross section, followed by qg with about 22% [37] . We note that the importance of the qg channel is very different from the inclusive top-quark production. For inclusive top-quark pair production this channel is suppressed-despite the large parton luminosity in this channel-because it appears only at NLO. For tt + 1-jet production the qg channel appears already in LO and thus gives a significant contribution due to the large parton luminosity. Comparing the LO and NLO predictions we find again that the large scale dependence of about 100% in the LO cross section is considerably reduced after including the NLO corrections. The ratio of the NLO tt + 1-jet cross section to the total NLO tt cross section is about 47%, 22%, and 7% for a p T cut of 50 GeV, 100 GeV, and 200 GeV, respectively.
Results for the LHC
In Figure 3 .3 we show the distributions in the transverse momenta of the hard jet, p T,jet , of the total tt system, p T,tt , and of the top-quark, p T,t . The distributions become harder in p T when going from the Tevatron to the LHC, as expected from the higher scattering energy. At NLO, 92% of the events have transverse momenta p T,jet < 250 GeV, and 94% have p T,t < 300 GeV in the respective distributions. In contrast to the Tevatron, the p T,jet and p T,tt distributions, which are identical in LO become different in NLO. For the p T,jet -distribution the lowest bin (0 < p T,jet < 50 GeV) is always empty due to the cut applied. For the p T,tt this holds also true (p T,jet ) , of the total tt system (p T,tt ), and of the top-quark (p T,t ) at the LHC. The lower panels show the ratios K = NLO/LO as well as the LO and NLO scale uncertainties corresponding to a rescaling of µ = µ fact = µ ren = m t by a factor 2.
in LO because the transverse momenta between the tt system and the additional hard jet are balanced. In NLO the lowest bin in the p T,tt distribution is populated due to an additional jet. For large p T the difference between p T,jet and p T,tt distributions is at the level of about 10%. This is again due to the presence of the additonal jet. As observed already for the Tevatron, the shapes of the p T distributions receive distortions by the corrections. Figure 3 .4 illustrates the distributions in the pseudo-rapidity and rapidity of the top-quark, η t and y t , and in the rapidity, y jet , of the hard jet. In the respective distributions 92% of the NLO events concentrate within the regions |η t | < 3.0, 96% have |y t | < 2.4, and 96% have |y jet | < 3.6 in the respective distributions, i.e. these distributions get broadened roughly by one unit in the transistion from Tevatron to LHC. As for the Tevatron, we find distortions of the shapes induced by the corrections that are hard to mimic by phase-space-dependent scale choices. All the shown y and η distributions at the LHC are forward-backward-symmetric, but actually the distributions of top and antitop-quarks are intrinsically different. Numerically we do not observe a significant difference, so that we show only the distributions for the top-quark.
Again, in all shown distributions a reduction of the scale uncertainty by the NLO corrections is visible that is comparable to the one in the integrated cross section.
Conclusions
The production of tt+jet final states represents important processes both at the Tevatron and the LHC. The signal is interesting in its own right, because large fractions of the tt samples show additional jet activity and deviations from the SM could signal new physics such as top-quark compositeness. Moreover, tt+jet production delivers a large background to many searches at the LHC, such as for the Higgs boson via weak-vector-boson fusion.
We have presented NLO QCD predictions for tt+jet production at the Tevatron and the LHC. The NLO corrections reduce the scale uncertainty of the total cross section and of the differential distributions compared to a LO calculation, which can only provide qualitative predictions. Further theoretical improvements could only be achieved by dedicated QCD resummations, since a full treatment at NNLO is certainly out of reach. Already the presented NLO calculation is quite complicated. For this reason we have also documented a set of numerical results for the one-loop correction and for the real-emission parts at single phase-space points, in order to facilitate comparisons to our calculation by other groups.
The charge asymmetry of the top-quark, which is measured at the Tevatron, is significantly decreased at NLO and is almost washed out by the residual scale dependence. We have studied the dependence of the NLO asymmetry on the cut on the transverse momentum of the hard tagging jet. Further refinements in the description of the charge asymmetry are required to stabilize the predictions with respect to higher-order corrections. Moreover, the top-quark decay should be taken into account properly.
Finally, the presented NLO QCD calculation for the tt+jet process represents a building block for a full NNLO QCD prediction for tt production, a demanding and important calculation that is currently in progress by various groups. 
The factor 1/N c is due to the average over the incoming colour. For the channel gg, qq, qg, gq we have N c = 64, 9, 24, 24. Note that the coefficient a 0 only depends on the chosen phase-space point-which implicitly also contains the information about the top-quark mass. The results for a 0 are shown in 
The results are shown in Table A. 2. In addition we also give the corresponding results for the I-operator of the dipole subtraction function as defined in Ref. [75] , with the auxiliary parameter κ = 2/3. We us the same decomposition as for the one-loop corrections. The individual coefficients are shown in Table A .3. Note that the coefficients c i with i = −2, −1, 0 contain one factor of α s . We use For the LO amplitudes we find an agreement of at least 14 digits-pretty close to what one can get using 64bit double precision with 53bits for the mantissa. 3 For the one-loop corrections we find at least an agreement of 10 digits for the finite terms. For the qq, qg, and gq channels, which are numerically less involved, we find an agreement of up to 14 digits. The finite terms from the I-operator agree even better. The coefficients of all divergences typically agree to 10 digits, or better in the cases with external quarks. We note, however, that we do not cancel the IR divergences numerically. We also observe a cancellation between the finite part of the I-operator and the corresponding virtual contributions. For the gg → ttg channel almost three digits are cancelled in the combination. 
B Benchmark numbers for the subtraction terms
In this section we give also results for the subtraction term in the dipole formalism for one phase-space point. We find this useful to facilitate the comparison of upcoming calculations. Recently some effort has been invested to automatize this part of the calculation [83] [84] [85] [86] . The results presented here may provide an interesting benchmark point for these attempts. The set of momenta for ab → ttcd is chosen as with all components given in GeV. The top-quark mass is set to m t = 174 GeV. We give numbers on the spin-and colour-averaged squared real emission amplitude |A 
2)
The factor 1/4 accounts for the average over the spins of the initial partons, the factor 1/N c is due to the average over the colour of the incoming partons. N c contains a factor 8 for every incoming gluon and a factor 3 for every incoming quark or antiquark. S is the symmetry factor accounting for identical particles in the final state. The numbers for the dipole subtraction terms are defined analogously: 
C Tables for histograms
In this appendix we give the tables for the differential distributions. For each distribution, we list the NLO predictions for the scale choice µ = m t /2, µ = m t and µ = 2m t . In all tables we have set µ = µ ren = µ fact . The errors result from the Monte Carlo integration. The bin is specified by its central value. The bin width-which we chose constant for the entire histogram-is obtained from the distance of two neighboring bin positions. Note that we use the same definition for the cross section as described in Section 3. In particular, we demand a minimum p T for the additional jet. For the Tevatron 20 GeV is used while for the LHC 50 GeV is used. 1858 ± 3 1597 ± 3 175 1338 ± 11 1276 ± 2 1115 ± 2 225 723 ± 7 744 ± 2 662 ± 2 275 368 ± 2 400 ± 1 365.8 ± 0.9 325 178 ± 2 209.3 ± 0. Table C .12: The rapidity distribution of the hard jet at the LHC.
